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] Problem Set 7 ]
Signal Representation and Compression
For the Exercise Sessions on Dec 3 and 10 — Due: Tue, Dec 16, 10am, on Moodle

1 Problems for Class

Problem 1: Canonical Correlation Analysis

This is a follow-up to PCA. In PCA, we have n samples x| for j = 1,2,...,n, where xU) € R%
Instead, here, we have n pairs of samples (x(j),y(j)), for j = 1,2,...,n, where x(9) € R% and
y) € R%. For simplicity, we assume that the mean has already been subtracted, so that the samples
satisfy >0 x() =0 and > y) = 0. The goal of CCA is to extract a single projection from x(7)
and a single projection from y() so that these two projections are as correlated as possible. That is, we
seek to find those projection vectors u and v that maximize

m T x N (vTy ()
max Zj:l( J(viy) (1)

YT TXOR, S [Ty )2

which is the classic (“Pearson”) correlation coefficient. Show how we can find the optimizing choices
of the vectors u and v from the empirical covariance matrices Rx = %Z;L:l(x@))(xm):r7 Ry =

5 i () UNT, and Rxy = 5 Y25, (x9) (yO)T

Hint: First show that we can rewrite the objective as

Z;'Lzl(uT (j))(VTy(j)) uTRXYv

SO [T Wy O VAT Ry AT Ry

Then, introduce a smart change of coordinates and apply the singular value decomposition.

Solution 1. We may write out:

E[uff XY Hy) uHE[XYHy
max = Imax
wo /E[Juf X[2]\/E[0HY 2] wv JuHE[XXH]u\/vFE[YYH]v
UHnyU
= Imax

uyv \/UHRXu\/’UHRyU

Now, let RY? be the matrix satisfying RY’RY® = Rx, and likewise, for RY/*. With this, define

i = RY*u and & = Ry/*v. With this,

E[uf XY Hy) i RY?Rxy Ry o
max = max
wo /E[uf XPIVE[oFY ] Val a1
~ —1/2 —1/2~
- Wgﬁ%:luHRX/ RxyRy'’5. (2)



This last optimization problem is a classic question. Let us tackle this generally as

_max a AB.
llall=]l2]l=1

We can solve this in a number of different ways. Closest to the class, let us simply leverage the singular
value decomposition A = UXV¥H . In terms of this, our problem becomes

dTUn V5.

llell=l2)l=1

Now, define @ = U@ and 7 = VH#. Clearly, since U and V are unitary, the vectors 7 and 7 are also
of unit length. Therefore, we may rewrite our problem as

max
lzll=llwll=1

Without loss of generality, let us assume that the diagonal entries in ¥ are ordered from largest singular
value to smallest singular value. Then, the solution is easy: the optimal choices are u* = (1,0,...,0)T
and v* = (1,0,...,0)T. Of course, plugging back in, this means that the optimizing @* and o* are
simply the left and right singular vectors corresponding to the largest singular value of the matrix A.

Now, to get back to our concrete problem, we have A = R;(l/ °R XyR;,l/ % Let us denote the left and right
singular vectors corresponding to the largest singular value of this matrix as ﬁl(R}l/ 2RXyR;/l/ 2) and

61(R;(1/ 2RXyR;-l/ 2). These are the optimizing choices for the optimization problem in Equation (2).
Finally, the optimizing choices for our original problem are therefore given by

= R;(l/zfu(R;(lmeyR;l/Q)

vt = R;l/zﬁl(R;/szyR;l/z) 3)

Problem 2: Prediction and coding

After observing a binary sequence ug,...,u;, that contains ng(u’) zeros and ni(u’) ones, we are asked
to estimate the probability that the next observation, u;y; will be 0. One class of estimators are of the
form ) ,

no(u*) + « ny(u') + «
no(ut) +ny(u?) + 2 no(ut) + ny (u?) + 22
We will consider the case a = 1/2, this is known as the Krichevsky—Trofimov estimator. Note that for
i=0 we get Py, (0)= Py, (1)=1/2.

PUHHU" (0|ul) = pUi+1|U¢(1|ui) =

Consider now the joint distribution P(u™) on {0,1}" induced by this estimator,
n .
P(Un) = HPUi‘Ui—l(ui‘ul_l).
i=1

(a) Show, by induction on n that, for any n and any u™ € {0,1}",

~ 1 no\"™ /ni\™m
Pl > 7 (22)" (2
(uy Un) 2 2y/n\n n
where ng = ng(u™) and ny = ny(u™).

[Hint: if 0 <m <mn, then (1+1/n)"+1/2> #}12(1 +1/m)™]

(b) Conclude that there is a prefix-free code C : U — {0,1}* such that
" 1
lengthC(uy, ..., u,) < nho (noglu)) + 3 logn + 2,

with ha(z) = —zlogz — (1 — z)log(l —z).



(¢) Show that if Uy, ..., U, are ii.d. Bernoulli, then

1 1 2
—E[lengthC(Un,...,U,)] < H(U;) + — logn + —
n 2n n

Solution 2. (a) For n = 1, we have P(u1) = Py, (u;) = L. If up =0, no(w) =1 and ny(ug) = 0.
Hence, P(uy) = 1= ﬁ(%)"“(%)”l . It is easy to show that for u; = 1, the inequality still holds with
equality.

For n =k > 1, let’s assume that P(ul, ceyU) > ﬁ(%) ’ (%) " Forn=k + 1, it is sufficient to
check upy1 = 0, as the case u;41 = 1 is the same if we also exchange the roles of ng and ny. In this
case, no(urtt) = no(uk) + 1 and nq (uF1) = ny(u®).

Puy,...,ur,0) = Py, , e (0[uF) Py (u®)
no(u*) + 3 1 (no(uk))"o(“k)(m(uk))"l(“k)
~ no(uF) +ny(uF) + 12k k k

° no(uFt! ni(u
R+ DR (p(u) + Pmo()0 ) 1 g\ ) ™
 kktL2 (no(uk) + 1)o@+t 2 /E 41\ k41 k+1

f(uF)

bty

We need to show that f(u¥) > 1 for any u* € {0,1}*, but this follows from the hint. Therefore, we
proved that our induction hypothesis is true for any n = k + 1, given the condition that n = k cases is
satisfied. By induction, we have for any integer n > 1

~ 1 no\™o /ni\™
Pl ) 2 A (T0) ()"
(1 u)_Q\/ﬁ n n

Proof the hint: We need to show that:

k+1/2 k no(u®)
<1+1> >no(u)+1<1+ 1k> .
k no(uF) + 3 no(uk)

g(no(uk))=g(no)

Now, consider the function g(x) = ;“’ii (1+ 1)* for x > 1. Since we have that no(u*) < k, if g(z) is
2

an increasing function then we would have:

1 1 1 1
= %(1 + E>k = L(l + E)Hl/?
T3 (k+3),/1+ %

k(k+1) 1)k+1/2

:71 —
k+1 I+ 7

1\ kH1/2
<1+ =
( *k) ’

and the result would follow (the last inequality is due to /k(k+1) < Jk(k+1)+1/4 =k +1/2) .

Hence, we just need to show that g(z) is an increasing function, i.e. that %g(w) > 0. A simple way

of doing this is by showing that Ing(x) is an increasing function, which would then imply the result for
g(x). If we compute the differentiation of Ing(z), we get

g(no(u*)) < g(k)

d 1

il | —
dx ng(z) Tz +1

1 1 1 1
——— +thn{l1+-) - =In(x+1)—Inz — T
T+ 3 x z+1 T+ 3



Now observe:
x+1 1
ln(x—i—l)—lnx:/ du:]E{
u

x

where U is a unifom random variable between z and x 4+ 1. Also,

1 1

z+1/2  E[U]

Thus:

%lng(m‘) _E [H _ﬁ

1
U )

and the positivity of -LIng(z) follows from the convexity of the function u — 1/u (and Jensen’s

inequality).

(b) Consider the code with length function L(u™) = [—log P(u")].
the Kraft Inequity.

) DERACRIS P R TRl

un un

Hence, there exists a prefix-free code with length function L(u™).

We can check that such code satisfies

> Pu) =1

length C(uy, ..., un) = [—log P(u™)] < —log P(u™) + 1
1 no\ "™ /nqp\"
<-re (5 (5) (0)7)+
=78 (2\/5 n n *
1
=2+ -logn+n [f@bg(@) - ElogE
2 n n n n

1
=2+ —logn + nho(
2 n

(c)Let Pr(U; =0) =0, Vi € {1,...,n}. Since Uy, ..
n and H(U;) = he(0) for all 7.

., U, arei.id,

—~

no(u™)

E[length C(Uy,...,U,)] < E[nho(

3

(IE

=
S
<
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< nhs
n

=)

we have E[ng(u")] = > E[no(u;)] =

1
)+§logn+2]

1
)]+§logn+2

1
)+§logn+2

Therefore,

1
= nhy(0) + 510gn—|—2

1
:nH(U1)+§logn+2

1 1 2
—Eflength C(Uy, ..., Upn)] < H(Up) + o~ logn + —
n 2n n

2 The Homework

Problem 3: Inner Products

Consider the standard n-dimensional vector space R™.



1. Characterize the set of matrices W for which y?Wx is a valid inner product for any x,y € R".

2. Prove that every inner product (x,y) on R™ can be expressed as y? Wx for an approriately chosen
matrix W.

3. For a subspace of dimension k < n, spanned by the basis by, bo, ..., by € R™ express the orthog-
onal projection operator (matrix) with respect to the general inner product (x,y) =y’ Wx. Hint:

. . . ~ k
n —
For any vector X € R , express its prOJeCtIOH as X = g j=1 Oéjbj.

Solution 3. 1. Looking at the lecture notes on the Hilbert space framework, an inner product must
satisfy linearity properties, which clearly hold for all matrices W. The symmetry property (x,y) =
{(y,x) only holds if the matrix W is symmetric, i.e., WT = W. The crucial requirement is the
last property, namely, (x,x) > 0, with equality if and only if x = 0. To tackle this, note that W
has to be symmetric, so it has a spectral decomposition W = UAUH . Hence, it is a clever idea to
express the vectors x and y in terms of the eigenvectors of W. Then, clearly, if all eigenvalues of
W are strictly positive, then the property is satisfied. Conversely, if there is a eigenvalue equal to
zero, or a negative eigenvalue, then there exists a choice x # 0 for which (x,x) = 0. In conclusion,
yTWx is a valid inner product if and only if W is a symmetric and positive definite.

2. To prove this, use the standard basis vectors to express x = zie; + ... + zpe,, and likewise for
y. Then, using the properties of the inner product, we find (x,y) =>_, . z;yi(e;, e;) . Notice that
this is equal to

(e1,e1) gel,e2> Eel,en>
inyj o0 = x7 (eg,:e1> eg,:ez> 92,:en> v
" (en,e1) (ep,e2) ... (e, ey,)

3. As we have seen in class, the error x — X must be orthogonal to the estimate X, or, equivalently,
orthogonal to all of the basis vectors b;. That is,

(x — %, b;) = 0. (4)

Plugging in the hint X = 2521 a;b;, we get

k
<X—Zajbj,bi> = 0, (5)
j=1
and using the standard properties of the inner product,
k
(x,b;) =Y _a;(bj,b;) = 0. (6)
j=1

Defining the n x & matrix

B = (by,bs,...,bg), (7)
we can collect all k conditions (for i =1,2,...,k) into
BIWx — BEWBa =0, (8)

where « denotes the column vector of all the coefficients «;. Hence,

o= (B"WB) ™ B¥Wx, (9)



where we note that B W B is invertible since the vectors b; constitute a basis. Finally, we observe
that we can write

% = Ba =B (BYWB) ™' B"Wx, (10)
which is thus the desired projection matrix.

Problem 4: Johnson-Lindenstrauss for subgaussians

In this problem, we revisit the Johnson-Linderstrauss lemma.

(a) In preparation for this problem, establish the following facts:

— If U is a subexponential random variable with parameters (v,b), then aU (where we assume
a > 0) is a subexponential random variable with parameters (av, ab).

— If U and V are independent subexponential random variables with parameters (v, by, )
and (v,,b,), respectively, then U + V is a subexponential random variable with parame-

ters (y/v2 4+ vZ, max(by, by)).

In this problem, we reconsider the Johnson-Lindenstrauss Lemma (Lemma 10.5 in the lecture notes).
The only change is that inside the real-valued k x d matrix X in the proof of the Lemma, we no longer
assume that the entries are independent Gaussians. We still assume the entries X;; to be independent.
We also still assume that they each have mean zero and variance 1. But beyond this, we only assume
that they are subgaussian with variance proxy o2.

To proceed, exactly as in the Johnson-Lindenstrauss Lemma, consider an arbitrary real-valued vector u
of length d. As in the proof of the Johnson-Lindenstrauss Lemma, we define, for i = 1,2,...k

§:U’J ij -

)

“ IU\Iz

(b) Show the following facts (short justifications are sufficient, and you may refer freely to the lecture
notes)

— The random variables Z; are independent of each other.

— Each Z; is subgaussian. Find the corresponding variance proxy.
— We have E[Z2] = 1.

To continue, we will need the following theorem:

Theorem. If Y is subgaussian with variance proxy o2, then Y? with mean E[Y?] is subexponential
with parameters (co?,do?) for some absolute constants ¢ and d.

(c) Exactly as in the proof of the Johnson-Lindenstrauss Lemma, we next need to analyze S =

%Zle ZE. Leveraging the theorem, show that S is subexponential with mean 1 and find the
corresponding parameters.

(d) Give a concentration bound, that is, an upper bound of the form

k

1
P< |- 0y <
{kz—l >}_

(e) Discuss the differences of the resulting lemma with respect to what is proved in the lecture notes.

;-1




Solution 4.

(a) We prove the two facts in turn, noting that the proof argument are identical to the proof of Parts
(ii) and (iii) of Lemma 2.1 in the lecture notes:

— First, observe that the mean of U is simply au,, where p, denotes the mean of U. Hence,
we need to study

E[e)\(anauu)] _ E[e)\a(Ufuu)].

Now, since U is a subexponential random variable with parameters (v,b), we know that we
can upper bound this as

E[e)‘(aU_a““)] _ E[e’\a(U_““)] < e(,\a)2u2/27

as long as |Aa| < 1/b. Now, we rewrite this just slightly. Namely, we can upper bound

E[ex\(aU—auu)] < €>\2(al/)2/27

as long as |A| < 1/(ab). Which is exactly the same as saying “aU is a subexponential random
variable with parameters (av,ab)”.

— First, observe that the mean of U 4+ V is simply the sum of the means of U and V. Hence,
looking at the definition of subexponential, we need to study

E[e)‘(UJ"V_Hu_Nv)] — ]E[e/\(U—uu)e/\(V—uv)] — E[eh(U—uu)]E[e/\(V—uu)L

where the last step follows because U and V are independent. Next, since U and V are
subexponential, we can upper bound the two factors as

E[BA(UJer;Luf;L,,)] _ E[eA(Uf,uu)]E[eA(Vfu,,)] < eyﬁ)\z/zeu:‘:)\?/?,

which holds whenever |A| < 1/b, and at the same time also |A| < 1/b,. Arranging terms, we
can thus conclude that
2
E[MUHY —pu—p)] < e(\/uﬁ+1/%) ,\2/27

whenever |A| < min(1/by,1/b,). Which is exactly the same as saying “U + V is a subexpo-
nential random variable with parameters (y/v2 + v2, max(by, b,))”.

(b) We take up the claims in turn:

— The random variables Z; are independent of each other because Z; are merely (weighted)
sums of the X;;, no X;; appears in more than one of the Z;, and the X;; are by assumption
independent of each other.

— Each Z; is subgaussian simply because it is a (weighted) sum of subgaussian random variables,
see Lemma 2.1 in the lecture notes. From that same lemma, we directly find that the variance

proxy of Z; is o2.

— We have E[Z2] = W Z?zl quE[ij], since the X;; are independent of each other and have
2

mean zero. Moreover, we have E[X};] =1 for all 4 and j, and thus, E[Z7] = 1.

(c) We know that each Z; is subgaussian with variance proxy o2. Therefore, using the theorem, we
know that each Z? is subexponential with mean 1 and parameters (co?,do?). Moreover, all the
Z? are independent of each other. Now, using the second half of Part (a), we can observe that

S | Z2 is subexponential with mean k and parameters (vkco?, do?). Then, using the first half



of Part (a), we can observe that S = %Zle Z? is subexponential with mean 1 and parameters
(i @)

vk Ok
Alternatively, we could directly observe that the mean of S is 1 and write out, leveraging the fact

that the Z? are independent of each other:

E[e5~D] = E[e*G Xim ZE-1)]

]E[e%(z,?—l)]

|
VE”

i=1

ﬁoA(A)z k c2o4a2
e 2 3 =e 2k |

IN

M)

which holds for |%| < 545. That is, S with mean 1 is subexponential with parameters (%=, %)

(d) Here, we can directly leverage Lemma 2.6 from the Lecture Notes to conclude

1<,
P %ZZi—l

=1

2
> 5} <2e” 3701 ,
which holds whenever

5 <

More precisely, we apply Lemma 2.6 from the Lecture Notes separately to the positive and to the
negative deviations. Since these are disjoint events, we can just add up the probabilities, which
leads to the leading factor of 2 in our expression. This is an argument we have seen several times
in the class.

(e) Discuss the differences of the resulting lemma with respect to what is proved in the lecture notes.

3 Additional Problems

Problem 5: Minimum-norm Solutions

In this problem, we consider an underdetermined system of linear equations, i.e., Ax = b, where
Apxn is a “wide” matrix (m < n) and b is chosen such that a solution exists. As you know, in this
case, there exist infinitely many solutions. Prove that the one solution x that has the minimum 2-norm
can be expressed as

xyy = VIT'UHDb, (11)

where, as usual, the SVD of A =UXV#, and X! is the matrix ¥ where all non-zero diagonal entries
are inverted.

Hint: Clearly, A is not a full-rank matrix, and thus cannot be inverted. However, it might be possible to
construct a matrix A’ such that A’x = b’ has a solution, A is a submatrix of A’ and b is a subvector
of b’. What will be the norm of x in such a case?



Solution 5. Consider the singular value decomposition (SVD) A = UXVH . Here, U is an m x m
unitary matrix and X is given by

g1 O 0
0 g2 0

T=1. . e (12)
0 0 ... on

We assume that A is full rank, meaning that o; > 0 for all ¢. Finally, V' is a matrix of dimension n x m
whose columns are orthonormal, i.e., VEV =1,,,.

Note that Ax = b has infinitely many solutions. Our goal is to find the one solution with the smallest
2-norm.

We will now construct a new matrix which is of dimension n x n and of full rank. To this end, pick any
unitary matrix Up of dimension (n —m) x (n —m) and any diagonal matrix Xp, also of dimension
(n—m) x (n—m), with strictly positive entries on the diagonal. Moreover, pick a matrix Vg of dimension
n x (n—m) whose columns are orthonormal and at the same time orthogonal to all of the columns in V.
(It is easy to see that such a matrix exists.) Define the matrix B = UgXgVAL. With this, we can now
stack up A and B, and they satisfy

3 =[o ol [5 sl vl 19

where we also note that the last expression is indeed the singular value decomposition of the stacked
matrix. Select any vector bp of length n — m. Now consider solutions x to the system

Al __[U 0][2 0 VHX_b (14)
BT |0 Ug||0 Zp||VH]T |bg|"
Since the matrix [g} is full rank by construction, thus invertible, the solution is given by
-1 H
¥ 0 U 0 b
= tls 5] o a) ) &

Moreover, note that this solution x also satisfies Ax = b, so it is a solution to our original system of
equations. The square of the 2-norm of x is

wassts = o] o allv ] fdowals 2] AR

IVETLUTD|2 + ||V 5 Ul by I3 (16)

Both summands in the last expression are non-negative. Since the first summand is fixed, the expression
is minimized if we can make the second summand zero. To do so, we select bg = 0. Hence in such case,

-1 H
Vs o0 U 0 b| _1yH
XMN_{VB} [0 zB] [0 UB} M_Vz U, )
Problem 6: Eckart—Young Theorem

In class, we proved the converse part of the Eckart—Young theorem for the spectral norm. Here, you
do the same for the case of the Frobenius norm.

(a) For any matrix A of dimension m x n and an arbitrary orthonormal basis {xi,---,x,} of C",
prove that
n
1Al = D llAx®. (18)
k=1



(b) Consider any m x n matrix B with rank(B) < p. Clearly, its null space has dimension no smaller
than n — p. Therefore, we can find an orthonormal set {x1,---,X,—p} in the null space of B. Prove
that for such vectors, we have

n—p
IA=BlF > D [Axk]*. (19)
k=1

(¢) (This requires slightly more subtle manipulations.) For any matrix A of dimension m X n and any

orthonormal set of n —p vectors in C", denoted by {x1,---,X,—p}, prove that
n—p r
S ax? > 3 o2 (20)
k=1 Jj=p+1

Hint: Consider the case m > n and the set of vectors {z1,--- ,2,_,}, where z; = VHx,. Express your

formulas in terms of these and the SVD representation A = UXVH.
(d) Briefly explain how (a)-(c¢) imply the desired statement.

Solution 6. (a) Let us collect the vectors {x1,---,%x,} (as columns) into an n x n matrix X. With
this, we can express

Do lAxl? = JAX]E. (21)
k=1

Using the result that || A||% = trace(A” A), we find
|AX[2 = trace((AX)?AX) = trace(XT AT AX) = trace(AT AXXH), (22)

where the last step is the property that trace(AB) = trace(BA). But since by construction, X is a unitary
matrix, we have that XX is simply the identity matrix. Hence, trace(A7 AX X)) = trace(A” A),
which completes the proof.

(b) Let us first expand our orthonormal set {x1,--- ,X,—p} toafull basis for C™ by including orthonormal
vectors {Xp—_p+1, - ,Xpn}. Then, from Part (a), we have
n n—p
IA=BlE: = Y (A= Bxl? =) II(A- B)xi, (23)
k=1 k=1

where the last step is simply because all terms in the sum are non-negative. But by construction,
{x1,"+ ,Xp—p} are in the null space of B, thus for them, Bx; = 0, which implies (A — B)xy = Axy.
This completes the proof.

(c) The first point of this exercise was to recall the often surprisingly useful “trick” that |yl||? =
trace(y’y), where of course the trace-operator does not do anything (yet). Applying this, we can
express:

|Ax,]|2 = trace(xi A% Axy,) = trace(x VEHUH ULV Hxy,) (24)
= trace(zf 27 Yz;) = trace(XH Xzy21 ), (25)

where in the last step, we have used the property trace(AB) = trace(BA). Hence,

n—p n—p
SollAxk]? = D trace(SH Szizy) (26)
k=1 k=1
n—p
= trace(ZHEszzkH) (27)
k=1
= ZJ%Gkkv (28)
k=1

10



where the last step is due to the fact that 7% is a diagonal matrix with entries Uﬁ, and where Gy
denote the entries of the matrix G = Y, _7 zsz. The matrix G is a projection matrix. As we have
seen in an earlier homework problem, its trace is n — p and its diagonal entries are non-negative and no
larger than one. Under these constraints, it should be clear that the last expression is minimized if we
select G11 =Ga =...=Gpp =0 and Gpt1p41 = ... = Gny = 1. Hence,

n—p n
SolAxkl? = ) 0iGr (29)
k=1 k=1
> > of (30)
k=p+1
> > o, (31)
k=p+1
which completes the proof.
(d) Combining Parts (b) and (¢):
n—p T
lA=BlE = Y l4Axl*= Y o} (32)
k=1 j=p+1

shows that for any matrix B of rank p, we have the above lower bound. This is precisely the statement
needed to complete the proof of the Eckart-Young theorem for the Frobenius norm.

Additional remark: Another proof of the Eckart-Young theorem (which works both for the Frobenius
and the spectral norm) leverages the Weyl theorem, which states that for any two matrices C and D of
the same dimension (m X n, and assume w.l.o.g. m > n), we have that

0i+;j—1(C+D) < 0;C)+0;(D), for1<i,j<n,andi+j—1<n. (33)

I am not aware of a simple proof of this theorem (the standard proof uses the variational characterization
of eigenvalues). But suppose that B is of rank no larger than k, meaning that o;(B) = 0 for i > k.
Then, setting C = A — B and D = B, Weyl’s theorem says that

oirk(A) < 0;,(A—DB) forl1<i<n-—k, (34)
and thus,
n—k n
JA-BIZ = S oXa-B)= 3 oA). (35)
i=1 i=k+1

Problem 7: A Hilbert space of matrices

In this problem, we consider the set of matrices A € R™*" with standard matrix addition and mul-
tiplication by scalar.

(a) Briefly argue that this is indeed a vector space, using the definition given in class.

(b) Show that (A, B) = trace(B A) is a valid inner product.

¢) Explicitly state the norm induced by this inner product. Is this a norm that you have encountere
Explicitly state th induced by this i duct. Is thi h h tered
before?

(d) Consider as a further inner product candidate the form (A, B) = trace(BZW A), where W is a
square (m x m) matrix. Give conditions on W such that this is a valid inner product. Explicit and
detailed arguments are required for full credit.

11



Solution 7. Note: In the following, we solve assuming the more general case of complex valued matrices.
It should be easier to solve for the real-valued case.

(a) We need to check some properties. Because the space is that of matrices,

1. Commutativity holds.
Associativity holds.
Distributivity holds.

L

The 0 element is the all 0’s matrix 0 € C™*"™

o

For all A € C™*" | we have that the element —A € C™*™ is such that A+ (—A4) =0.
6. For all A € C™*"™ we have that I,,xmA=A.

So this is indeed a vector space.

(b) Here, we check the properties of an inner product space. Letting A, B,C € C™*" « € C, we have
that

L. (A+C,B) = Te(B7(A+ C)) = T(BHA+ BHC) = Te(BY 4) + Te(BHC) = (4, B) + (C.B),
where we used the linearity of the trace operator.

2. (@A, B) = Tr(BHaA) = aTr(B A) = a(A, B), where we used the linearity of the trace operator.

3. (A,B) = Tr(B"A) = Tr((AEB)H) = Tr(A” B)* = (B, A)*, where we used the linearity of the
trace operator and that conjugation is also linear.

4. We want (A, A) = Tr(A#A) > 0. Since A A is normal, it is also positive semi-definite, and so
all its eigenvalues are positive. One of the property of the trace is that it is equal to the sum of
eigenvalues of the matrix considered. In our case, this means Tr(A® A) > 0 since the eigenvalues
are all non-negative.

(c) We have that the norm is /{4, A) = \/Tr(AHA) = \/221 > j=114ij|?, which we recognize to be
the Frobenius norm. So /(A4,A4) = ||A|F.

(d) We check that the properties of an inner product space hold, and add conditions on W when necessary.

1. (A+C,B) = Tr(BEW(A+C)) = Tr(BEWA+BEWC) = Tr(BH A)+Tr(BHC) = (A, B)+(C, B) ,
so no restriction on W necessary here.

2. (aA,B) = Tr(BE¥WaA) = oTr(BEW A) = a(A, B), so no restriction on W necessary here.

3. On one side we have (A, B) = Tr(BEZW A). On the other side we have (B, A)* = Tr(AZWB)* =
Tr((AHWB)H) = Tr(BEWH A). To have both sides equal, we need W = WH ie., W should be
Hermitian.

4. We want (A, A) = Tr(AHFW A) > 0. That is we would like AW A to be positive semi-definite.
By definition, this would mean that for any z € C", we want z A¥W Az > 0. Now note that Az
is just another vector, so we can write that we want z? AHW Az = (Az)" W (Az) > 0 for all z. So
we conclude that this is the same as asking that W is positive semi-definite.

Hence, for the inner product (A, B) = Tr(BHW A) to be valid, we need W to be Hermitian and positive
semi-definite.
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